INTRODUCTION BACKGROUND Mob PROPERTIES EMPIRICAL RESULTS CONCLUSION

TOWARDS EXPRESSIVE PRIORS FOR BNNSs:
Po1ssoN PROCESS RADIAL BAsis FUNCTION NETWORKS

Melanie F. Pradier

Joint work with Beau Coker and Finale Doshi-Velez

Harvard University

December 15th, 2019



INTRODUCTION BACKGROUND MODEL PROPERTIES EMPIRICAL RESULTS CONCLUSION

NEURAL NETWORKS (NNS) AS UNIVERSAL APPROXIMATORS

y=fo(z) +e

:’\

A AccessTocy




INTRODUCTION BACKGROUND MODEL PROPERTIES EMPIRICAL RESULTS CONCLUSION

BUT WHAT IF STAKES ARE HIGH?

y=fo(z) +e
Y




INTRODUCTION BACKGROUND MODEL PROPERTIES EMPIRICAL RESULTS

CONCLUSION

BUT WHAT IF STAKES ARE HIGH?

y=fo(z) +e




INTRODUCTION BACKGROUND MODEL PROPERTIES EMPIRICAL RESULTS CONCLUSION

BUT WHAT IF STAKES ARE HIGH?

i
y=foz) +e :
0s 1
o le) §
Y ;
o8 ;
i
o :
.

x i




INTRODUCTION BACKGROUND

Mob

PROPERTIES

EMPIRICAL RESULTS

CONCLUSION

SOMETIMES WE HAVE A PRIORI FUNCTIONAL KNOWLEDGE...
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» Range of heart rate at rest between 60-100 bpm.

» Slow/fast variation of air pollutant

» Volatility of stock market
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SOMETIMES WE HAVE A PRIORI FUNCTIONAL KNOWLEDGE...

1

y=fo(z)+e

ply'[e")

Some basic examples:

» Range of heart rate at rest between 60-100 bpm.
» Slow/fast variation of air pollutant

» Volatility of stock market

How can we incorporate such functional desiderata into the model?
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AN EASY WAY TO SPECIFY FUNCTIONAL DESIDERATA:
GAUSSIAN PROCESSES (GPs)

Definition: a Gaussian process is a collection of random variables, any
finite number of which have (consistent) Gaussian distributions.
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Example: RBF kernel as -
covariance function:

k(z,2') = 0 exp <_<—>>

» Stationarity » Lengthscale

» Amplitude variance
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AN EASY WAY TO SPECIFY FUNCTIONAL DESIDERATA:
GAUSSIAN PROCESSES (GPS)

Definition: a Gaussian process is a collection of random variables, any
finite number of which have (consistent) Gaussian distributions.

2

y=fo(z)+e
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Example: RBF kernel as B
covariance function:

k(x,2') = 0 exp (_(332_;‘/)2>

> Stationarity » Lengthscale
» Amplitude variance
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» parametric expression

» fast at evaluation time
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GPS ARE GREAT, BUT WHAT IF I STILL WANT A NN?

Benefits of NN approaches:
» widely used (many tools available)
» parametric expression

» fast at evaluation time

KEY RESEARCH QUESTIONS:
1. Can we design Bayesian NN priors that encode stationarity
properties like a GP while retaining the benefits of neural networks?

2. Can we easily specify lengthscale and amplitude variance in a
decoupled fashion?
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BAYESIAN NEURAL NETWORKS

average loss: 2,650782683524133

» Assume prior on network
parameters

» Most common, i.i.d Gaussians

y fo(x) + €
€ ~ N(0,0’;I)
0; ~ N(0,051) Vi

(Yarin Gal blog)

> p(0) = p(f)
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BAYESIAN NEURAL NETWORKS

average loss: 2,650782683524133

» Assume prior on network
parameters

» Most common, i.i.d Gaussians
y fo(x) +e€
€ ~ N(0,0’;I)
0; ~ N(0,051) Vi

(Yarin Gal blog)

> p(0) = p(f) » But what does a prior over
weights mean in function space?
Hard to know!
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NOT ONLY HARD TO ENCODE FUNCTIONAL PROPERTIES WITH
BNNS; SOME PROPERTIES ARE IMPOSSIBLE TO GET

» For example, a BNN (with RBF activations) is nonstationary in
amplitude variance (Williams, 1997)
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NOT ONLY HARD TO ENCODE FUNCTIONAL PROPERTIES WITH
BNNS; SOME PROPERTIES ARE IMPOSSIBLE TO GET

» For example, a BNN (with RBF activations) is nonstationary in
amplitude variance (Williams, 1997)

BNN PoRB-NET

0.4 4

0.2 q

Question: can we design a Bayesian NN that exhibits stationarity? Yes!
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RELATED WORKS

Expressive priors for Bayesian NNs
» Functional BNNs (Flam-Shepherd, et.al 2017; Sun et.al, 2019):
sample-based optimization w.r.t. reference functional distribution
» Neural processes (Garnelo et al., 2018): meta-learning to identify
functional properties based on many prior examples
» (Pearce et al., 2019) BNN architectures that recover equivalent GP
kernel combinations in the infinite width limit
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RELATED WORKS

Expressive priors for Bayesian NNs
» Functional BNNs (Flam-Shepherd, et.al 2017; Sun et.al, 2019):
sample-based optimization w.r.t. reference functional distribution
» Neural processes (Garnelo et al., 2018): meta-learning to identify
functional properties based on many prior examples

> (Pearce et al., 2019) BNN architectures that recover equivalent GP
kernel combinations in the infinite width limit

[ user specs optim. free finite width deep

Sun et.al, 2019 yes no yes yes

Garnelo et.al, 2018 no no yes yes

Pearce et.al, 2019 yes yes no yes
[PoRB-NET (this work) yes yes yes not yet |
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RADIAL Basis FuncTioN NETWORKS (RBFNS)

» Around since the 90s (Gyorfi et.al, 2002), recently renewed attention
(Taghi et.al, 2004; Zadeh et.al, 2018)

» NN based on radial basis ¢(-), e.g., ¢(z) = exp(—a?)

K
fo(z) =b+ Zwkfb(sk(ﬂﬁ —cr)),

k=1
10 wz.
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CoMPARISON RBFN VERSUS BNN FORMULATION (D=1)

K
fo(z) =0+ Zwkqﬁ(sk(m — ck.))

k=1

» s2 € R: scale

» ¢ € R: center

» wi € R: output weight
» b€ R: output bias

K

fo(zx)=b+ Z wid (v + dy)

k=1

» v € R: input weight
» dir € R: input bias

» wi € R: output weight
» b € R: output bias

Take-away: priors on different random quantities, RBFN more intuitive
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BAYESIAN RBFNS (BARBER ET.AL, 1998)

C
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wE

b ~

Yn | Tn, 0~
where

N(0,02)
Gamma(asg, Bs)
N(0,02,1)
N(0,07)

N (fo(zn), 03)

fo(z)=b+ Zwk exp ( — si(x — ck)2)

k=1
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> sz € R: scale
» cr € R: center
» wi € R: output weight
» b € R: output bias



CTION BACKGROUND Mon PROPERTIES EMPIRICAL RESULTS CONCLUSION

BAYESIAN RBFNS (BARBER ET.AL, 1998)

Ck N(Oa O’E) o “ 1
s~ Gamma(as, ) .
wy ~ N(0,001) Yo o s?

b o~ N(0,02) i e S A

Yn|Tn,0 ~ N(f@(xn>va'§) : @ ; I
where > s2 € R: scale
K » cr € R: center
fo(z)=b+ Z Wy, exp ( — si(x — ck)2) » wy € R: output weight
k=1 » b € R: output bias

Functional properties still hard or impossible to encode!
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FUNCTIONAL PROPERTIES STILL HARD OR IMPOSSIBLE
Issues:

» non-stationary covariance function (Williams, 1997)

» lengthscale and variance are coupled

é § :: s«:l:m‘:-n
S b » As RBFs concentrate in
s T .
< - -2 same region:
; » summation = higher
variance
Y . » increase in expressivity
2 b = more upcrossings
[=] -4
g =

Density of activations
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Ck
i
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b
Yn | Tn, 0

where

~
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~
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(PORB-NET)

N(0,02%)
Gamma(as, Bs)
N(0,021)
N(0,07)
N(fs(mn)vag?)

fo(z)=b+ Zwk exp (— sp(z — cx)?)

k=1

MoODEL PROPERTIES EMPIRICAL RESULTS CONCLUSION
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PoissoN PrRocESs RADIAL BAsis FuNcTION NETWORKS
(PoRB-NET)

EF

ECEC

c|A ~ Poisson Process(\)
sy~ Gamma(as, Bs)
wy, ~ N(0,651)
b ~ N(0,67)
Y l2n 0 ~ N(fo(an). o))

Poisson Intensity A(t)
o = v w Ao

1 2 3 4 5 6 7 8 9 10
(Adams et.al, 2009)

o

10 w2
where o '
p as . il
04 1 1
fo(x) :b—!—Zwkexp(—sﬁ(x—ck)Q) y . ; s |
k=1 ﬂ
¢ i ¢
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PoissoN PrRocESs RADIAL BAsis FuNcTION NETWORKS
(PoRB-NET)

e

c|A ~ Poisson Process(\)
si = M)
wy, ~ N(0,621)
b ~ N(0,63)
Y l2n 0 ~ N(fo(an). o))

Poisson Intensity A(t)
o = v w Ao

i 2 3 4 5 6 7 8 9 10

o

(Adams et.al, 2009)

10 w2
where o i
K 06 | I| |
o w i
fo(z) = b—|—Zwk exp (— sp(z — cx)?) y . : s |
k=1 ﬂ
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WHAT IF WE DON’T KNOW THE INTENSITY FUNCTION?

Prior on Intensity Function of Poisson Process
h ~ GP(0,C(-,-))
A* ~  Gamma(ay, 8))
Ae) = Nsigmoid(h(c)),
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WHAT IF WE DON’T KNOW THE INTENSITY FUNCTION?

Prior on Intensity Function of Poisson Process
A* ~  Gamma(ay, 8))

* . .
Ae) = Asigmoid(h(c)),
Posterior functions Posterior intensity
2.50 A
2 ® train —— posterior mean
® test 2.254 === truth
[0 90% quantile
2.00 A
1
1.75 4
°
0 1.501
1.254
] 1.00 1
0.75 4
—24
0.50 -
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INFERENCE

1. Update network parameters € given fixed nr. of hidden units K via
Hamiltonian Monte Carlo (HMC)

p(0]y,x, K, \) (HN Yns | wn,0)> (b;0,0%) (H/\/ wy; 0 (ck)>

n=1

2. Update network width K via birth/death moves

3. Update point-estimate for Poisson process intensity A

)~ ¢ S NG (©)

where h(*) ~ p(hly,x, 8).
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STATIONARITY

Cov(f(x), f(z + 1)) = o} + o E[K]Eg [p(x; 0)p(w + h; 0)]

:=U(z,x+h)
Bayesian RBFN PoRB-NET
3.0 .
2.5 4 .
— h=1
2.0 A . —— h=2
/ \ | — h=3
1.5 4 17 \
7\
10 L T T T L T T T
-5 0 5 -5 0 5

AT T — Ty 2
)2 22 a2 . AT o2t
U(z1,22)  exp ( 2(2(;1 T Z;UZ)) exp ( 2(;;? :;3)) Ul(xy,22) AV 2 exp { s ( 3 )

Stationar y Nonstationary B((Cy — 'tm)@) —®((Co — "Lm)\/ﬁ)\)]
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DECOUPLED LENGTHSCALE AND AMPLITUDE VARIANCE

» Homogeneous Poisson Process

» We derive closed-form expression for covariance function
» Poisson process defined over finite region C
» As size of C tends to infinity,

Cov (f(21), f(w2)) = i + &7, exp {—AZ (%)2}

» Non-homogeneous Poisson Process

» Empirical stationarity



BACKGROUN MoDn PROPERTIES IRICAL RES

CONSISTENCY

» Estimator §,(x) is said to be consistent with respect to the true
regression function go(z) if, as n tends to infinity:

@) - go(@)? i 20,
» Posterior consistent over Hellinger neighborhoods if Ve > 0,

p({f: Du(f, fo) <e}) & 1.

» (Lee,2000) shows that Hellinger consistency implies frequentist
consistency.

THEOREM (CONSISTENCY OF PORB-NETS)

A PoRB-NET with uniform intensity function is Hellinger consistent as
the number of observations goes to infinity.
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POoRB-NET ALLOWS FOR EASY SPECIFICATION OF
LENGTHSCALE AND SIGNAL VARIANCE LIKE A GP

PoRB-NET GP B-RBFN BNN
] T
Prior of
reference
-2
24
Higher nr.

upcrossings  °7
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24
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POoRB-NET ALLOWS FOR EASY SPECIFICATION OF
LENGTHSCALE AND SIGNAL VARIANCE LIKE A GP

PoRB-NET GP B-RBFN BNN

Prior of
reference

Higher nr.
upcrossings | °7

Higher 04+
amplitude
variance Polw
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POoRB-NET ALLOWS FOR EASY SPECIFICATION OF
LENGTHSCALE AND SIGNAL VARIANCE LIKE A GP

PoRB-NET GP

reference o3 s

Prior of 0 ——— o L = ' T:'-.::A—‘

o 11 T T 4 {l 1. stationarity
Higher nr. s s : ot

upcrossings | © 2. easy Speciﬁcation in a

decoupled manner

211 — L4 L e
i ¢
Higher o )r_.d_- 1. 2 | P
amplitude f N { e 3
variance ol v

-1 0 1 -1 0 1
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PORB-NET 1S ABLE TO LEARN INPUT-DEPENDENT
LENGTHSCALE INFORMATION

Posterior functions Posterior intensity
2.50
Py ® train —— posterior mean
® test 2.25 1 —=—- truth
71 90% quantile
2.00 - A
14
1.75 4
°
0 1.50
1.254
_14
1.00 \
075 A
2 \\
0.50 o
T

-4 -2 0 2 4 -4 -2 0 2 4

PoRB-NET adds more hidden units wherever needed, and adapts
architecture width based on the data.
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PORB-NET 1S ABLE TO CAPTURE NON-STATIONARY PATTERNS
IN REAL SCENARIOS, ADAPTING THE LENGTHSCALE LOCALLY

BNN with HMC

PoRB-NET

2.0
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0.0
-0.5
-1.0
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motorcycle finance mimic
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CONCLUSION

In this talk, we have...

» highlighted incapacity of BNNs to express functional properties

» introduced PoORB-NET, a Bayesian NN prior to encode functional
desiderata like a GP

» proposed an inference scheme to learn input-dependent lengthscale

» showed theoretical properties: (i) consistency, (ii) decoupling of
amplitude and lengthscale

» validated empirically in synthetic and real datasets

All information online: https://arxiv.org/abs/1912.05779
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As future work: deeper networks, higher dimensions.


https://arxiv.org/abs/1912.05779

N'T CTION BACKGROUN Mon ’ROPERTIES IRICAL RES 5 CONCLUSION

CONCLUSION

In this talk, we have...

» highlighted incapacity of BNNs to express functional properties

» introduced PoORB-NET, a Bayesian NN prior to encode functional
desiderata like a GP

» proposed an inference scheme to learn input-dependent lengthscale

» showed theoretical properties: (i) consistency, (ii) decoupling of
amplitude and lengthscale

» validated empirically in synthetic and real datasets
All information online: https://arxiv.org/abs/1912.05779
As future work: deeper networks, higher dimensions.

Thank you for listening!
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CoMPARISON RBFN VERSUS BNN FORMULATION (D=1)

K K
fo(x)=b+ Z wk¢(sk(m — q)) fo(z)=0b+ Z wk(b(?;k.:z? + bk.)

k=1 k=1

st~ Gamma(ay, Bs) vi ~ N(0,02)

Cr ./\/(0, Ug) by~ N(O’ Jl?)

w00 w o~ NO.0)
b~ N(0,008) b ~ N(0,00)

Take-away: priors on different random quantities, RBFN more intuitive
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