
Bayesian Nonparametric Models:
An Application to International Trade

Melanie F. Pradier

Wednesday 13th September, 2017



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 1/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation

Data Exploitation Age

· · · but are we making the
outmost out of data?

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 2/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Challenges

• Complexity

• Missing data

• Small data within big data

• · · ·
• Research focus

→ data exploration

• Interpretability

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Challenges

• Complexity

• Missing data

• Small data within big data

• · · ·
• Research focus

→ data exploration

• Interpretability

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Challenges

• Complexity

• Missing data

• Small data within big data

• · · ·

• Research focus
→ data exploration

• Interpretability

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Challenges

• Complexity

• Missing data

• Small data within big data

• · · ·
• Research focus

→ data exploration

• Interpretability

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
An example: personalized medicine

Challenges

• Complexity

• Missing data

• Small data within big data

• · · ·
• Research focus

→ data exploration

• Interpretability

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 3/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
Focus: data exploration

Interpretability
[F. Doshi-Velez, B. Kim, Towards A Rigorous Science of Interpretable Machine Learning ]

• Understandable for humans (Doshi-Velez, 2017)

• “Right to explanation” (EU General Data Protection Regulation, 2018)

Main goal

• Knowledge discovery

• Hypothesis generation

Our Approach

Bayesian nonparametrics

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 4/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
Focus: data exploration

Interpretability
[F. Doshi-Velez, B. Kim, Towards A Rigorous Science of Interpretable Machine Learning ]

• Understandable for humans (Doshi-Velez, 2017)

• “Right to explanation” (EU General Data Protection Regulation, 2018)

Main goal

• Knowledge discovery

• Hypothesis generation

Our Approach

Bayesian nonparametrics

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 4/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Motivation
Focus: data exploration

Interpretability
[F. Doshi-Velez, B. Kim, Towards A Rigorous Science of Interpretable Machine Learning ]

• Understandable for humans (Doshi-Velez, 2017)

• “Right to explanation” (EU General Data Protection Regulation, 2018)

Main goal

• Knowledge discovery

• Hypothesis generation

Our Approach

Bayesian nonparametrics

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 4/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Why Bayesian nonparametrics?

• Bayesian: combine prior knowledge with data evidence

[Bishop, 2006]

• Nonparametric

• actually... really large
parametric model

• number of latent variables
grows with data

In this talk...

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 5/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Why Bayesian nonparametrics?

• Bayesian: combine prior knowledge with data evidence

[Bishop, 2006]

• Nonparametric

• actually... really large
parametric model

• number of latent variables
grows with data

In this talk...

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 5/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Why Bayesian nonparametrics?

• Bayesian: combine prior knowledge with data evidence

[Bishop, 2006]

• Nonparametric

• actually... really large
parametric model

• number of latent variables
grows with data

In this talk...

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 5/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Why Bayesian nonparametrics?

• Bayesian: combine prior knowledge with data evidence

[Bishop, 2006]

• Nonparametric

• actually... really large
parametric model

• number of latent variables
grows with data

In this talk...

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 5/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Why Bayesian nonparametrics?

• Bayesian: combine prior knowledge with data evidence

[Bishop, 2006]

• Nonparametric

• actually... really large
parametric model

• number of latent variables
grows with data

In this talk...

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 5/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Outline

1 Introduction

2 Bayesian nonparametrics

3 BNP models for international trade

4 Conclusion

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 6/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Bayesian nonparametrics (BNPs)

• Bayesian framework for model selection

• Nonparametric: number of parameters grows with the amount
of data:
• Prior over infinite-dimensional parameter space
• Only a finite subset of parameters is used for any finite

dataset

• Rely on stochastic processes:
• Dirichlet process
• Beta process
• Gaussian process
• · · ·

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 7/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Bayesian nonparametrics (BNPs)

• Bayesian framework for model selection

• Nonparametric: number of parameters grows with the amount
of data:
• Prior over infinite-dimensional parameter space
• Only a finite subset of parameters is used for any finite

dataset

• Rely on stochastic processes:
• Dirichlet process
• Beta process
• Gaussian process
• · · ·

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 7/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Dirichlet process (DP)

G ∼ DP(α,H)

G =

∞∑

k=1

πkδφk

• often used in mixture models

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 8/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Dirichlet process (DP)

G ∼ DP(α,H)

G =

∞∑

k=1

πkδφk

• often used in mixture models

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 8/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Dirichlet process (DP)

G ∼ DP(α,H)

G =

∞∑

k=1

πkδφk

• often used in mixture models

Stick-breaking representation

(Ishwaran et.al, 2001)

For k = 1, · · · ,∞

vk ∼ Beta(α, 1), πk = vk

k−1∏

`=1

(1−v`)
1

. . .

k = 1

k = 2

k = 3

�1

�2

�3

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 8/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Dirichlet process (DP)

G ∼ DP(α,H)

G =

∞∑

k=1

πkδφk

• often used in mixture models

Stick-breaking representation

(Ishwaran et.al, 2001)

For k = 1, · · · ,∞

vk ∼ Beta(α, 1), πk = vk

k−1∏

`=1

(1−v`)
1

. . .

k = 1

k = 2

k = 3

�1

�2

�3

For k = 1, · · · ,∞

φk ∼ H

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 8/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Chinese restaurant process (CRP)

c ∼ CRP(α)

where c ≡ infinite sequence of natural numbers.
INDIAN BUFFET PROCESS

...

2

10

6 7

93

1 4

8 5

Figure 2: A partition induced by the Chinese restaurant process. Numbers indicate customers (ob-
jects), circles indicate tables (classes).

it is identical to the extended Polya urn scheme introduced by Blackwell and MacQueen 1973).
Imagine a restaurant with an infinite number of tables, each with an infinite number of seats.2 The
customers enter the restaurant one after another, and each choose a table at random. In the CRP
with parameter α, each customer chooses an occupied table with probability proportional to the
number of occupants, and chooses the next vacant table with probability proportional to α. For
example, Figure 2 shows the state of a restaurant after 10 customers have chosen tables using this
procedure. The first customer chooses the first table with probability α

α = 1. The second customer
chooses the first table with probability 1

1+α , and the second table with probability
α
1+α . After the

second customer chooses the second table, the third customer chooses the first table with probability
1
2+α , the second table with probability

1
2+α , and the third table with probability

α
2+α . This process

continues until all customers have seats, defining a distribution over allocations of people to tables,
and, more generally, objects to classes. Extensions of the CRP and connections to other stochastic
processes are pursued in depth by Pitman (2002).

The distribution over partitions induced by the CRP is the same as that given in Equation 5. If
we assume an ordering on our N objects, then we can assign them to classes sequentially using the
method specified by the CRP, letting objects play the role of customers and classes play the role of
tables. The ith object would be assigned to the kth class with probability

P(ci = k|c1,c2, . . . ,ci−1) =

{ mk
i−1+α k ≤ K+
α

i−1+α k = K+1

where mk is the number of objects currently assigned to class k, and K+ is the number of classes for
which mk > 0. If all N objects are assigned to classes via this process, the probability of a partition
of objects c is that given in Equation 5. The CRP thus provides an intuitive means of specifying a
prior for infinite mixture models, as well as revealing that there is a simple sequential process by
which exchangeable class assignments can be generated.

2.4 Inference by Gibbs Sampling

Inference in an infinite mixture model is only slightly more complicated than inference in a mixture
model with a finite, fixed number of classes. The standard algorithm used for inference in infinite
mixture models is Gibbs sampling (Bush and MacEachern, 1996; Neal, 2000). Gibbs sampling

2. Pitman and Dubins, both statisticians at the University of California, Berkeley, were inspired by the apparently infinite
capacity of Chinese restaurants in San Francisco when they named the process.

1191

(Pitman et.al, 2002)

p
(
ci = m|c¬i, α

){ |m|¬i , m ∈ c¬i
α, m /∈ c¬i
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Indian buffet process (IBP)

• Prior over binary matrices with infinite number of columns

• Rows ≡ observations; columns ≡ features

• Z ∼ IBP(α)

• α: concentration parameter

• Each element znk indicates whether the k-th feature
contributes to observation n
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Indian buffet process (IBP)
An alternative construction

hierarchy of a Beta process (BP) with multiple Bernoulli processes (BeP)

⇒ infinite latent feature model

1

G =
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k=1

πkδφk ∼ BP(c, α,H)
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Motivation: wealth of nations
The reality:
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Bernoulli process Poisson factor analysis (BeP-PFA)
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Bernoulli process Poisson factor analysis (BeP-PFA)

Generative Model

xnd ∼ Poisson
(
Zn•B•d

)

Bkd ∼ Gamma
(
αB,

µB
αB

)

Z ∼ IBP(α)
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Limitations of the IBP

• Mass parameter α couples both Jn and K+
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Beyond the standard IBP

Three-parameter IBP

(Teh et.al, 2007)

• More flexible distribution for

feature weights

Zn• ∼ BeP(µ) (3.1)

µ ∼ SBP(1, α,H, c, σ) (3.2)

p (Jnew) ∼ Poisson

(
α

Γ(1 + c)Γ(n+ c + σ − 1)

Γ(n+ c)Γ(c + σ)

)

Restricted IBP

(Doshi-Velez et.al, 2015)

• Arbitrary prior f over Jn

Zn• ∼ R-BeP(µ, f) (3.3)

µ ∼ BP(1, α,H) (3.4)

• Combination of both

• Flexible prior
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Our Approach
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Generative Model

xnd ∼ Poisson
(
Zn•B•d

)
(3.5)

Bkd ∼ Gamma
(
αB,

µB
αB

) (3.6)

Zn• ∼ 3R-IBP(α, c, σ, f) (3.7)

Melanie F. Pradier (UC3M) BNPs for data exploration: An application to international trade 2017-09-13 20/34



Introduction Bayesian nonparametrics (BNPs) BNPs for international trade Conclusion

Results in static scenario
Quantitative analysis: accuracy Vs interpretability

Metric PMF NNMF BeP-PFA SBeP-PFA 3RBeP-PFA

Log Perplexity 1.68± 0.01 1.61± 0.01 1.59± 0.04 3.26± 0.17 1.62± 0.01
Coherence −264.60± 4.74 −263.27± 7.45 −149.36± 7.56 −178.44± 4.50 −140.51± 2.73

(a) 2010 SITC database (N = 126, D = 744)

Metric PMF NNMF BeP-PFA SBeP-PFA 3RBeP-PFA

Log Perplexity 1.48± 0.01 1.47± 0.01 1.58± 0.01 2.56± 0.12 1.57± 0.02
Coherence −264.73± 3.11 −264.67± 6.22 −148.91± 10.57 −168.39± 13.16 −134.51± 4.43

(b) 2010 HS database (N = 123, D = 4890)
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Results in static scenario
Capturing input sparsity structure
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Results
Interpretability
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Results
Interpretability

Top Products (decay 30%) Bkd

Bovine 0.49
Miscellaneous Refrigeration Equipment 0.43
Radioactive Chemicals 0.41
Blocks of Iron and Steel 0.41
Rape Seeds 0.40
Animal meat, misc 0.39
Refined Sugars 0.38
Miscellaneous Tire Parts 0.38
Leather Accessories 0.38
Liquor 0.38
Bovine meat 0.38
Embroidery 0.37
Unmilled Barley 0.37
Dried Vegetables 0.36
Textile Fabrics Clothing Accessories 0.36
Horse Meat 0.35
Iron Bars and Rods 0.35
Analog Navigation Devices 0.35

(c) SVD

Top Products (decay 30%) Bkd

Miscellaneous Animal Oils 0.78
Bovine and Equine Entrails 0.72
Bovine meat 0.68
Preserved Milk 0.63
Equine 0.62
Butter 0.58
Misc. Animal Origin Materials 0.57
Glues 0.56

(d) S3R-IBP
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Deep S3R-IBP: using a 2nd layer

1 “Simple” and “advanced” capabilities

2 Countries divided in two big groups: “quiescence” trap.
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Temporal Dynamics

Capabilities
F0 Bias
F1 Agriculture
F2 Clothing I
F3 Farming
F4 Clothing II
F5 Electronics I
F6 Processed Materials
F7 Electronics II
F8 Materials I
F9 Machinery I
F10 Materials II
F11 Automobile
F12 Chemicals I
F13 Chemicals II
F14 Machinery II
F15 Miscellaneous
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Model extension: Dynamic PFA

Model extension

x
(t)
nd ∼ Poisson

(
Z
(t)
n•B•d

)

Bkd ∼ Gamma
(
αB,

µB
αB

)

Z
(•)
n• ∼ mIBP(α, γ, δ)
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Model extension: dynamic PFA

Id Top-3 products with highest weights

F0 (bias) crude petroleum, crustaceans, cereals
F1 light fixtures, locksmith hardw., misc. ceramic ornaments
F2 inorganic esters, chemical products, nitrogen compound
F3 iron sheets, iron wire, thin iron sheets
F4 misc. elect. machinery, typewriters, misc. office equipment
F5 soaps, confectionary sugar, baked goods
F6 bovine – equine entrails, bovine meat, misc. prepared meats
F7 knit clothing accessories, linens, leather accessor.
F8 glazes, textiles fabrics for machinery, mineral wool
F9 misc. vegetables, grapes – raisins, misc. fruit

F10 inorganic bases, nitrogenous fertilizers, lubricating petrol. oils
F11 imitation jewellery, embroidery, synth. precious stones
F12 coffee, non-coniferous worked wood, cane sugar
F13 copper ores, chemical wood pulp, misc. non-ferrous ores
F14 pepper, vegetable planting materials, natural rubber
F15 raw cotton, cotton linters, green groundnuts

1965 1975 1985 1995 2005

China
Switzerland

Colombia
Denmark

Egypt
Spain

Finland
France

Hungary
Indonesia

India
Ireland

Iran
Israel
Italy

Jordan
Japan

Uruguay
United States

Venezuela
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Conclusion

1 BNP model for data exploration in high-dim count data.

2 interpretable and structured solutions.

3 Analysis of productive structure of world economies.

4 Time-varying feature activation.

Future works
• Improve inference in dynamic scenario.

Thank you for listening! Any question?

melanie@tsc.uc3m.es
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Appendix: About inference

• Markov Chain Monte Carlo approach.

• Conditional conjugacy using auxiliary variables.

xnd =

K∑
x
′
nd,k where x

′
nd,k ∼ Poisson(Zn•B•d)

• Truncated approximation of feature weights

• In 3RBeP-PFA, dynamic programming to compute likelihood
(Doshi-Velez et.al, 2015)

• In dBeP-PFA, forward-filtering backward-sampling procedure
(Gael et.al, 2009)
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Appendix: Results
Interpretability

Countries in latent space

• France = Belgium + ?

• Germany - ? = Austria

• Malaysia (Electronics) + ? → Phillipines

• Phillipines + ? → Indonesia, Vietnam
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Appendix: Results
Interpretability

Countries in Capability Space

• France = Belgium + Industrial Machinery

• Germany - Chemical = Austria

• Malaysia (Electronics) + Clothing → Phillipines

• Phillipines + Basic Processing → Indonesia, Vietnam
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Appendix: modeling in dynamic scenario

Dynamic PFA
• T timestamps (years)

• markov IBP to account for temporal dynamics (Gael et.al, 2009)

• Generative model:

x
(t)
nd ∼ Poisson

(
Z
(t)
n• B•d

)

Bkd ∼ Gamma
(
αB,

µB
αB

)

ak ∼ Beta(
α

K
, 1),

bk ∼ Beta(γ, δ),

z
(t)
nk |ak, bk ∼ Bernoulli

(
a
1−z(t−1)

nk
k b

z
(t−1)
nk
k

)

The transition matrix Qk for feature k is given by:

Qk =

(
1− ak ak
1− bk bk

)
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Appendix: inference in dynamic scenario

Inference
• MCMC approach, e.g., Gibbs sampler + slice sampler for the IBP

• K Poisson-distributed auxiliary random variables, i.e., x
(t)
nd =

∑K
k=1 r

(t)
nd,k

• Forward Filtering Backward Sampling (FFBS) to approximate p(Z|X,B)

p(X
(1:t)
n• , z

(t)
nk |−) = p(X

(t)
n•|z(t)nk ,−)

∑

z
(t−1)
nk

p(X
(1:t−1)
n• , z

(t−1)
nk |−)p(z

(t)
nk |z

(t−1)
nk )

• Forward step: compute p(z
(t)
nk |X

(1:t)
n• ,Z

(t)
n,¬k,B)

• Backward step: sample from p(z
(t)
nk |z

(t+1)
nk ,X

(1:t)
n• ,Z

(t)
n,¬k,B)
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